Even though the behavior of reinforced concrete in shear has been studied for more than 100 years, the problem of determining the shear strength of reinforced concrete beams remains open to discussion. Thus, the shear strengths predicted by different current design codes 1-5 for a particular beam section can vary by factors of more than 2. In contrast, the flexural strengths predicted by these same codes are unlikely to vary by more than 10%. For flexure, the plane sections hypothesis forms the basis of a universally accepted, simple, rational theory for predicting flexural strength. In addition, simple experiments can be performed on reinforced concrete beams subjected to pure flexure and the clear results from such tests have been used to improve the theory. In shear, there is no agreed basis for a rational theory, and experiments cannot be conducted on reinforced concrete beams subjected to pure shear.
INTRODUCTION
Even though the behavior of reinforced concrete in shear has been studied for more than 100 years, the problem of determining the shear strength of reinforced concrete beams remains open to discussion. Thus, the shear strengths predicted by different current design codes [1] [2] [3] [4] [5] for a particular beam section can vary by factors of more than 2. In contrast, the flexural strengths predicted by these same codes are unlikely to vary by more than 10%. For flexure, the plane sections hypothesis forms the basis of a universally accepted, simple, rational theory for predicting flexural strength. In addition, simple experiments can be performed on reinforced concrete beams subjected to pure flexure and the clear results from such tests have been used to improve the theory. In shear, there is no agreed basis for a rational theory, and experiments cannot be conducted on reinforced concrete beams subjected to pure shear.
A traditional shear test on a reinforced concrete beam is depicted in Fig. 1(a) . The region of the beam between the two point loads is subjected to pure flexure, whereas the shear spans of the beam are subjected to constant shear and linearly varying moment. Because the behavior of this member is changing from section to section along the shear span, it is difficult to use the results of such a test to develop a general theory for shear behavior. Thus, if a relationship is sought between the magnitude of the shear force and the strains in the stirrups, it will be found that the strains are different for every stirrup and also differ over the height of each stirrup. In addition, the high net vertical compressive stresses f z , called "clamping stresses," near the point loads and reactions cause stirrup strains in these locations to be close to zero.
The modified compression field theory 6 (MCFT) was developed by observing the response of a large number of reinforced concrete elements loaded in pure shear or in shear combined with axial stress. While such tests were more difficult to perform, they gave experimental results that clearly illustrated the fundamental behavior of reinforced concrete in shear.
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Fig. 1-Predicting shear strength of reinforced concrete beams.
The problem addressed by the MCFT is to predict the relationships between the axial and shear stresses applied to a membrane element, such as that shown in Fig. 1(b) , and the resulting axial and shear strains. If the theory can accurately predict the behavior of such an element, it can be used as the basis for a range of analytical models. The most accurate, but most complex, of these models involves representing the structure as an array of biaxial elements and then conducting a nonlinear finite element analysis 7 using a computer program 8 (refer to Fig.1(b) ). This model gives accurate results both in flexural regions and in disturbed regions where high clamping stresses can significantly increase shear strength. If one assumes that plane sections remain plane and that the vertical clamping stresses are negligibly small, one can model one section of a beam as a vertical stack of biaxial elements. This is the basis of program Response-2000, 9 which is capable of predicting the shear stress distribution over the height of the beam and the shear forceshear deformation relationship of the section (Fig. 1(c) ). Finally, reasonably simple expressions for the shear strength of a section can be derived if just one biaxial element within the web of the section is considered and the shear stress is assumed to remain constant over the depth of the web. This is the basis of the sectional design model for shear 10 included in the AASHTO LRFD Bridge Design Specifications 2 ( Fig. 1(d) ).
In the AASHTO LRFD shear design method, the shear strength of a section is a function of the two parameters β and θ. The inclination θ of the diagonal compressive stresses in the web, and the factor for tensile stresses in the cracked concrete, β, both depend on the longitudinal straining of the web, ε x . For members without transverse reinforcement, β and θ values calculated from the MCFT are given as functions of ε x and the crack spacing s xe in a table. A  separate table is given for the β and θ values for members with transverse reinforcement.
Shear design procedures should be simple to understand and to use not only for ease of calculation but, more critically, for ease of comprehension. The engineer should be able to give physical significance to the parameters being calculated and to understand why they are important. If the procedures are simple enough, an experienced engineer should be able to perform at least preliminary calculations on the "back of an envelope." While the use of the required tables in the AASHTO LRFD shear design method is straightforward, it is not possible to remember the values in the tables for "back of the envelope" calculations. Further, many engineers prefer simple equations to tables because they give a continuous range of values and are more convenient for spreadsheet calculations. In this paper, simple equations for β and θ will be determined from the basic expressions of the MCFT. In addition, the paper will summarize the observed shear strengths of 102 reinforced concrete elements tested in shear and show how, by the use of the simple equations, the strength of these elements can be predicted accurately.
RESEARCH SIGNIFICANCE
The research reported in this paper has resulted in a significant simplification of the MCFT. It is shown that this simplified MCFT is capable of predicting the shear strength of a wide range of reinforced concrete elements with almost the same accuracy as the full theory. The expressions developed in the paper can form the basis of a simple, general, and accurate shear design method for reinforced concrete members.
BACKGROUND TO MCFT
The original shear design procedure 11, 12 for reinforced concrete, which was developed more than 100 years ago, assumed that cracked concrete in the web of a beam resisted shear stress v only by diagonal compressive stresses f 2 and that these stresses were inclined at an angle of 45 degrees to the longitudinal axis of the member. The diagonal compressive stresses push apart the flanges of the beam causing tension in the stirrups, which are responsible for holding together the two flanges. After the stirrups yield, the beam is predicted to be capable of resisting a shear stress of ρ z f y , where ρ z is the ratio of the stirrup area to the web area, ρ z = A v /(b w s), and f y is the yield stress of the stirrups. Because the 45-degree truss model ignores any contributions of the tensile strength of the concrete, it can give very conservative estimates of shear strength for members with small amounts of stirrups. Because of this, for the last 40 years, the ACI specifications 1, 13 have taken the shear strength of the web of a beam as ρ z f y + v c where the concrete contribution v c is taken as the shear stress at which diagonal cracks form, v cr . Axial tension reduces v cr and, hence, is predicted to decrease shear strength whereas axial compression or prestressing increases v cr and, hence, is predicted to increase shear strength.
During the 1970s and 1980s, European researchers focused attention on the fact that, in general, θ is not 45 degrees. From a truss model with diagonals inclined at an angle of θ, the shear stress capacity of a web is predicted to be ρ z f y cotθ. The difficulty is to determine an appropriate value of θ. Models 14,15 based on the theory of plasticity were developed allowed the engineer to select the value of θ. Because concrete shear failures are brittle, however, it was necessary to place somewhat arbitrary limits on θ (for example, θ > 30 degrees) and on f 2 (for example, f 2 < 0.6f c ′ to avoid unsafe predictions.
The development of the compression field theory 16, 17 (CFT) was a significant step toward a more rational theory for shear. Unlike traditional models, the theory uses the strain conditions in the web to determine the inclination θ of the diagonal compressive stresses. The relationship is that tan 2 θ = (ε x + ε 2 )/(ε z + ε 2 ), where ε x is the longitudinal strain in the web (tensile positive, compressive negative), ε z is the transverse tensile strain in the web, and ε 2 is the diagonal compressive strain. Because ε x is usually much smaller than ε z , the angle θ can be considerably less than 45 degrees, which increases the predicted shear strength of the web. Prestressing or axial compression can significantly reduce ε x and, hence, is predicted to lower the angle θ and thus increase shear strength.
To study the relationship between the diagonal compressive stress f 2 and the diagonal compressive strain ε 2 , Vecchio and Collins 18 tested 30 reinforced concrete elements under biaxial stresses in an innovative testing machine. They found that f 2 is a function not only of ε 2 but also of the coexisting principal tensile strain ε 1 . They also found that even after extensive diagonal cracking, tensile stresses still existed in the concrete between the cracks. Combined with shear stresses on the crack faces, v ci , these tensile stresses increased the ability of the cracked concrete to resist shear. When the CFT relationships were modified to account for the average principal tensile stresses in the cracked concrete, f 1 , the equilibrium, geometric, and constitutive relationships of the MCFT 6 were obtained. Figure 2 gives the 15 equations used 19 in the MCFT. Note that, in this context, average strains refer to strains measured over base lengths at least equal to the crack spacing. Average stresses are calculated considering effects both at and between the cracks and are distinct from stresses calculated at cracks.
Solving the equations of the MCFT given in Fig. 2 is, of course, very tedious if done by hand, but is quite straightforward with an appropriate computer program. Membrane-2000 9 is such a program and its ability to predict the load-deformation response of reinforced concrete membrane elements is demonstrated in Fig. 3 . The six elements shown in this figure all contained approximately 3% of longitudinal reinforcement and were loaded in pure shear. The SE elements were tested at the University of Toronto 20, 21 while the A and B elements were tested at the University of Houston. 22 Note that as the amount of transverse reinforcement was increased, the postcracking shear stiffness and the shear strength of the elements increased, but the ductility of the elements decreased. It can be seen that there is excellent agreement between the lines representing the response predicted by the MCFT and the points showing the measured response.
DERIVATION OF SIMPLIFIED MCFT
The simplified version of the MCFT is a procedure by which the shear strength of an element can be conveniently computed. Because the element will be used to model a section in the flexural region of a beam, it is assumed that the clamping stresses f z will be negligibly small ( Fig. 1(d) ). For the transverse reinforcement to yield at failure, ε z will need to be greater than approximately 0.002, while to crush the concrete, ε 2 will need to be approximately 0.002. If ε x is also equal to 0.002 at failure, Eq. (3), (6), (7), (13), and (14) predict that the maximum shear stress will be approximately 0.28f c ′ , whereas for very low values of ε x , the shear stress at failure is predicted to reach approximately 0.32f c ′ . As a conservative simplification, it will be assumed that if failure occurs before yielding of the transverse reinforcement, the failure shear stress will be 0.25f c ′ . For failures occurring below this shear stress level, it will be assumed that at failure both f sz and f szcr are equal to the yield stress of the transverse reinforcement, which will be called f y .
Equation (5) given in Fig. 2 can be derived by considering the sum of the forces in the z-direction for the free body diagram shown in Fig. 4 . For f z = 0 and f szcr = f y , this equation can be rearranged to give (16) In a similar fashion, Eq. (2) can be rearranged to give (17) Both of these equations can be expressed as (18) From Eq. (14), (17), and (18), the value of β is given by (19) Similarly from Eq. (15), (16), and (18), the value of β must satisfy (20) The crack width w is calculated as the product of the crack spacing s θ and the principal tensile strain ε 1 . The term a g represents the maximum coarse aggregate size in mm. The crack spacing depends on the crack control characteristics of the x-direction reinforcement, which is expressed by the parameter s x , and the crack control characteristics of the z-direction reinforcement, which is expressed by s z (Eq. (10)). As a simplification, s x can be taken as the vertical distance between bars aligned in the x-direction and s z can be taken as the horizontal spacing between vertical bars aligned in the z-direction. For elements with no transverse reinforcement, s θ will equal s x /sinθ and Eq. (20) [10, 000 psi]), cracks tend to break through the aggregate rather than passing around them; in such cases, a g should be taken as zero.
For members without transverse reinforcement, the highest value of β and, hence, the maximum post-cracking shear capacity, will occur when Eq. (19) and (21) give the
same value for β. 23 This requirement results in the following equation (23) The manner in which this equation relates the inclination θ of the diagonal compressive stresses to the principal tensile strain ε 1 for different values of the crack spacing parameter s xe is shown in Fig. 5 .
To relate the longitudinal strain ε x to ε 1 , Eq. (6) and (7) can be rearranged to give tan θ 0.568 1.258s xe ε 1 θ sin The principal compressive strain ε 2 depends on the principal compressive stress f 2. When ρ z and f z are zero, Eq. (2) and (3) can be rearranged to give
Because the compressive stresses for these elements will be small, it is sufficiently accurate to assume that ε 2 equals f 2 /E c , and that E c can be taken as 4950 in MPa units. Equation (24) then becomes (26) The manner in which this geometric equation relates ε 1 and θ for different values of ε x is shown in Fig. 5 . The intersection points of the lines representing given values of ε x and s xe define the values of θ and ε 1 , which will simultaneously solve both Eq. (23) and (26) . The corresponding
values of β, which can be found from Eq. (19) , are shown in Fig. 5 . It can be seen that as the crack spacing s xe increases, the values of β and, hence, the shear strengths, decrease. The observed fact is that large reinforced beams that do not contain transverse reinforcement fail at lower shear stresses than geometrically similar smaller beams. [24] [25] [26] is known as the size effect in shear. It is of interest that the predictions of the MCFT (for example, that the size effect is related to the distance between the layers of longitudinal reinforcement rather than the overall size of the element) agree well with the results of the extensive experimental studies 27 on size effect done in the years since the theory was first formulated.
The MCFT β values for elements without transverse reinforcement depend on both the longitudinal strain ε x and the crack spacing parameter s xe . The authors refer to these two effects as the "strain effect factor" and the "size effect factor." The two factors are not really independent, but in the simplified version of the MCFT, this interdependence of the two factors is ignored and it is assumed that β can be taken as simply the product of a strain factor and a size factor. Equation (27) If in.-lb units are used for s xe , the 2500 in Eq. (28) becomes 100. Equation (28) again assumes that the relationship is simply the product of a strain factor and a size factor. The angles predicted by this equation are compared with those derived from the MCFT in Fig. 6 . For members without transverse reinforcement, it is conservative to underestimate θ, as this will increase the calculated stress in the longitudinal reinforcement. It can be seen from Fig. 6 that the θ-values given by Eq. (28) are conservative for nearly all of the different combinations of values of ε x and s xe .
As elements containing both longitudinal and transverse reinforcement approach shear failure, the MCFT predicts that there can be a substantial change in the relative magnitudes of v c and v s . Typically, after yielding of the transverse reinforcement, the angle θ will become smaller, causing v s to increase. At the same time, the resulting large increase in ε 1 will decrease v c . A substantial decrease in θ will also cause a major increase in the stress in the longitudinal reinforcement. A conservative approach for determining θ for the simplified MCFT is to consider the value of θ at which the MCFT predicts that v c has its maximum contribution to the strength. Also note that it would be convenient if the same expressions could be used both for members with and for members without transverse reinforcement. Hence, Fig. 7 compares the values of θ associated with maximum v c with those predicted by Eq. (28) . It can be seen that the agreement is reasonable. Note that, for these elements, a high value of θ is conservative as it decreases v s . Also note that for elements containing both longitudinal and transverse reinforcement, the spacing of the diagonal cracks will typically be less than 300 mm (12 in.) and, hence, it is conservative to take s xe as 300 mm (12 in.) in Eq. (27) and (28) . Figure 7 also compares the corresponding β-values predicted by the MCFT for these elements with the values given by Eq. (27) . It can be seen that while the β-values predicted by the simple equation are conservative over much of the range of possible ε x -values, they are somewhat unconservative for very low values of ε x . In this range, however, the unconservative estimate for β will be partly compensated by the conservative estimate for θ.
SIMPLIFIED MCFT STRENGTH PREDICTIONS FOR ELEMENTS
To illustrate how the simplified MCFT can be used to predict shear strength, consider the series of elements whose load-deformation plots are shown in Fig. 3 . It will be recalled that these elements were loaded in pure shear and all contained approximately 3% of longitudinal reinforcement. It is desired to predict how the shear strength will increase as the amount of transverse reinforcement is increased. As an example, the case where the amount of transverse reinforcement is such that ρ z f y equals 2 MPa (290 psi) is used. The calculations are begun by estimating the value of ε x corresponding to the maximum capacity of the element. Thus, one might assume ε x will be 1.0 × 10 -3
. Using the average s xe value for these elements, which is 158 mm (6.2 in.), Eq. (27) and (28) If the longitudinal reinforcement is not yielding, Eq. (1) and (11) can be used to determine the value of longitudinal strain ε x , which will correspond to this shear stress. As the applied axial stress f x is zero and, as f 1 can be expressed as v c /cotθ, these equations give (29) As 0.90 × 10 -3 does not equal the assumed value of 1.0 × 10 -3 , a new estimate of ε x needs to be made and the calculations repeated. Convergence is reached when ε x = 0.939 × 10 -3 . For this value of longitudinal strain, v c = 1.217 MPa (176 psi), θ = 33.6 degrees, and the failure shear v is predicted to be 4.23 MPa (613 psi). Note that this stress is below the 0.25f c ′ limit and, hence, the assumption that the transverse reinforcement is yielding at failure is appropriate. As this stress is less than the yield stress of the longitudinal reinforcement, the x-direction reinforcement is predicted not to yield at the cracks and, hence, the calculations for this element are complete.
---------------------------------------------------------------------------------------------------
Repeating the calculations for different values of ρ z f y produced the values plotted in Fig. 8 as the line labeled "Simplified MCFT." Note that for this case when ρ z f y /f c ′ exceeds 0.200, the predicted shear capacity will be governed by the assumed upper limit on the shear strength of 0.25f c ′ . Also shown in Fig. 8 are the capacities predicted from program Membrane-2000, which implements the full MCFT and the shear strengths determined from the experiments. It
Fig. 7-Comparison of values for theta and beta given by simple equations with values determined from MCFT for elements with transverse reinforcement.
can be seen that, for these elements, the predictions of the simplified MCFT are close to those of the MCFT and agree well with the experimental results. As expected, the predictions of the 45-degree truss model are very conservative. However, if the ACI approach of taking the shear capacity as the sum of the diagonal cracking shear, shown at 0.33 (4 in psi units) in Fig. 8 , and the 45-degree truss value is followed, accurate estimates of the shear capacities are obtained. In the ACI approach, v s is limited to a shear stress of 0.66 (8 in psi units), which results in a maximum predicted v/f c ′ ratio of 0.153. It can be seen from Fig. 8 that this is a very conservative upper limit on shear capacity.
The elements in Fig. 8 all contained a substantial amount of longitudinal reinforcement and, hence, yielding of this x-direction reinforcement did not govern the shear strengths predicted by the simplified MCFT. To illustrate how yielding of the longitudinal reinforcement influences shear strength, a series of elements for which the amount of longitudinal reinforcement equals the amount of transverse reinforcement is considered. How the shear strength of these elements is predicted to increase as the amount of reinforcement increases will be determined (Fig. 9) . The PV elements shown in this figure were tested by Vecchio and Collins, 6 whereas the S elements were tested by Yamaguchi et al. 28 As an example of calculating the strength of these elements, take the case when ρ z and ρ x are both equal to 0.79%, which corresponds to ρ z f y = 3 MPa (435 psi). As the x reinforcement will yield, ε x will be greater than the yield strain, which is 1.90 × 10 -3
, and Eq. (29) will not be applicable. To start the calculations, assume that ε x equals 3.0 × 10 -3
. Using the average s xe value for these elements, which is 150 mm (6 in.), Eq. (27) and (28) As this predicted value of reinforcement stress exceeds the yield stress for this steel, which is 380 MPa (55.1 ksi), the assumed value of ε x is not correct. Increasing ε x will decrease the calculated value of f sxcr and it will be found that ε x must be increased to 3.30 × 10 -3 before f sxcr is reduced to the yield stress. At this value of longitudinal strain, the predicted shear strength of the element is 3.03 MPa (439 psi).
Repeating the aforementioned calculations for different amounts of reinforcement produced the values plotted in Fig. 9 as the line labeled "Simplified MCFT." Note that the predicted shear strengths for these elements with equal reinforcement in the x-and y-directions are essentially equal to ρ z f y , until ρ z f y /f c ′ reaches 0.25. The predictions from program Membrane-2000 for the shear strength of these elements is shown in Fig. 9 by the line labeled "MCFT." For the elements where the reinforcement yields at failure the predictions from the Simplified MCFT are essentially identical to those from the MCFT, and both are equal to those from the 45-degree truss model. Further, all three models agree well with the experimental results. For such elements with equal x and y reinforcement, it is unconservative to follow the ACI approach of estimating failure shear by adding the diagonal cracking shear to the 45-degree truss prediction.
As a final example of using the Simplified MCFT for predicting the shear strength of elements, consider a series tested by Bhide and Collins. 29, 30 As shown in Fig. 10 , these specimens contained 2.20% of reinforcement in the x-direction, no reinforcement in the z-direction, and were loaded under different combinations of shear and uniaxial tension. The question being addressed by these tests was "how does magnitude of tension influence shear capacity?" Once again, the calculations start by choosing a value of ε x , for example, 0. 5 × 10 -3 . For the known value of s xe , which is 63 mm (2.5 in.), the values of β and θ are found from Eq. (27) and (28) The shear-axial tension interaction diagram predicted for the PB elements by program Membrane-2000 is also shown in Fig. 10 . Whereas the MCFT and Simplified MCFT interaction diagrams have very similar shapes, the Simplified MCFT is somewhat more conservative than the MCFT. Both procedures provide conservative estimates of the observed shear strengths of the elements. Also shown in Fig. 10 is the reduction in shear capacity due to axial tension predicted by the ACI approach. For elements without transverse reinforcement, the shear capacity is predicted to be equal to the diagonal cracking load. It can be seen in Fig. 10 , however, that this approach greatly overestimates the detrimental effect of tension on shear strengths. This figure also suggests that the ACI approach may overestimate the beneficial effects of compression. 31 Table 1 summarizes essentially all of the experimental results 18, [20] [21] [22] [29] [30] [32] [33] [34] [35] [36] [37] [38] available to the authors for reinforced concrete elements loaded in pure shear or shear combined with uniaxial stress (that is, f z = 0). These 102 . Concrete strengths ranged from 14.5 to 102 MPa (2100 to 14,800 psi), whereas the amounts of longitudinal reinforcement varied from 0.18 to 6.39%. Twenty-nine of the elements did not contain any transverse reinforcement and 22 of these were loaded under various combinations of axial tension and shear. The other 73 elements had amounts of from 0.18 to 5.24% of transverse reinforcement, with two of these elements being loaded in combined tension and shear, and two in combined compression and shear. Figure 11 compares the observed failure shear of the elements with the amount of transverse reinforcement. Recall that the 45-degree truss model predicts that v should equal ρ z f y . For elements containing the same amount of longitudinal and transverse reinforcement, this prediction is 
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